Prof. Elisabetta Michetti
Part 6 — MATLAB ottimizzazione libera




UNCONSTRAINED OPTIMIZATION

UNCONSTRAINED LOCAL MAX AND MIN points

Consider the function z = f (x) wheref : Acl" —>[]
f €C? is called OBJECTIVE FUNCTION

Local maximum and minimum points can be determined by MatLab while
using the

OPTIMIZATION TOOLBOX

We distinguish between two problems.

A. Find local max and min pt of a function of two real variables
B. Find local max and min pt of a function of more then two real
variables




UNCONSTRAINED OPTIMIZATION

A. Find local max and min pts of a function of two real variables

PRELIMINARY GRAPHICAL ANALYSIS

In this case the graph and the level curves of the function can be plotted,
hence a preliminary graphical analysis can be done. It is useful to
understand:

- If the function admits local max or min
- The approximative location of the candidate points



UNCONSTRAINED OPTIMIZATION

EX1Find the local max and min of the following function 7 = x*y* + 2x°y + y* + 6y

PRELIMINARY ANALYSIS

It is useful to plot the graph and the level curves

>> 7=@(X,Y) X.N2. XY N 242¥X N2, ¥y +y. A 2+6*y;
>> ezcontourf(z,[-10 10], [-10 10])

and for the graph

>> ezmesh(z,[-10 10], [-10 10])

The following figure is obtained



UNCONSTRAINED OPTIMIZATION
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points (Xx,y) associated to
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Form the preliminary analysis:
- The function admits a local minimum
- The approximative location of the local minimum pt is (0,2)



Use the optimization function

The solver that can be used to find local minimum points of a function is

fminsearch (unconstrained nonlinear minimization)




UNCONSTRAINED OPTIMIZATION

(1) First of all it is very important to underline that the algorithm is only able to find
LOCAL MINIMUM pts

Hence if function f has a local maximum pt it is necessary to use the solver to find the
local min of function —f, and the correspondent value of z at the maximum point is
given by the opposite of the value that —f assumes at the minimum point

(2) To DEFINE THE OBJECTIVE FUNCTION:

- use the function handle @(x) where x is a vector;
-define the function by using the variables x(1) and x(2);
-don’t use spaces and don’t use the punctual operators.

For instance: z=x?+In(y3+xy) must be defined as @(x)x(1)*2+log(x(2)*3+x(1)*x(2))

(3) The START POINT must be given as [x0 y0] where x0 is the initial value of variable
X(1) while yO0 is the initial value of variable x(2).

The function to be used is [x,fval] = fminsearch(fun,x0)



https://it.mathworks.com/help/matlab/ref/fminsearch.html?overload=fminsearch+false#d123e466443

The objective function is:
fun=@0)X(1)N2*X(2)N2+2*x(1)N2*Xx(2)+x(2) N 2+6*x(2)
The start point is:

[0-2]

>> clear
>>» Tun=E@(OO)x(1)"2%x(2)22+2%x (1) 2%x(2)+x(2)"2+67x(2);

>>» xB=[0 -2];
>» [x,fval] = fminsearch(fun,x@)

o=

-9.0080 -3.0000

fval =

-9.0080

2.,2 2 2
The function Z=XY +2X°Y+Y¥Y°+6Y has a local minimum in point
(0,-3) and the correspondent value of z is -9




UNCONSTRAINED OPTIMIZATION

EX2  Find the local max and min pts of the following function

f(x,y)=—€"(4x*+2y° +4xy+2y+1)

-exp(x) (4 x2+2 y2+4 X y+2 y+1)
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Hence we have to find the
Local minimum of function

—f(X,y) =e*(4X* +2y° +4xy + 2y +1)



UNCONSTRAINED OPTIMIZATION

EX2 The level curves of function —f are depicted
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We can choose the following initial vector [0.6 -0.6]



UNCONSTRAINED OPTIMIZATION

EX2

- Define function —f (as we are interested in the max point of f)

fun=@X)exp(X(1)*(4*x(1)"N2+2*x(2)N2+4*x(1)*x(2)+2*x(2)+1)
- Define the start point: x0=[0.6 -0.6]

>> Tun=@(x)exp(x(1))*(4*x(1)"2+2*x(2)"2+4%x (1) *x(2)+2%x(2)+1);
>> x8=[-0.6 0.6]
X0 =
-0.60008 8.6000
>» [x,fval] = fminsearch(fun,x@)
X =

0.5000 -1.06e8

fval =
5.3767e-69

The local max point is (0.5,-1) and the value of zis 0

11



UNCONSTRAINED OPTIMIZATION

HOMEWORKS
EX1.1

Determine local maximum and minimum point of the following functions

1) z=(2x"+y)(x-Y)
2) 2=y +3y* + x° —3x
3) 2 =2x° +y* —4x

4) 7 :%x3+x2—3x+ y?

{1)M (—%,—%) 2)M(-1,-2),m(1,0) 3)m(1,0) 4)m(1,0)}

12




HOMEWORKS

EX1.2

Determine local maximum and minimum points of the following functions

2 2
1) z=e% 0"

2) z=x"y? —4x® -3xy +2y*

3) z=In((x+2)* +(y—3)° +4x° +5)




UNCONSTRAINED OPTIMIZATION

B. Find local max and min points of a function of more then two real
variables

Notice that in this case the preliminary graphical analysis cannot be
done.

How to determine if the function admits a local max or min?
How to determine the start point?
The answers are not easy in general. Some suggestions can be obtained

while considering the critical points (to understand their number and
localization).



UNCONSTRAINED OPTIMIZATION
EX3 Find the local max and min points of the following function
_ 4 — Xy X2 2
y=(X—4)" +e7%" +X; +4x,

Function f has 3 variables, it is defined on R3
The local optimum must be found within the critical points. We try to obtain
the critical points. In such a case the critical points can be otained!

4(x,—4)*=0 (x, =4
{-x2e7%% 12X, +4=0=42X, +4=0=> X, =—2
—2X36_X2X§ =0 | X; =0

Point [4 -2 0] is the unique critical point, it can be a local max or min
or a saddle. We can consider this point as start point and we have to
check:

- Ifitis aloc min of f

- Ifit is a local min of —f (that is a loc max of f).

If the above conditions are not satisfied then it is a saddle point!



EX3

Use fminsearch for function f and start point [4 -2 0]. The following answer
is obtained.

Hence point [4 -2 0] is a local min and the z-value is -3.




UNCONSTRAINED OPTIMIZATION

EXA Find the local max and min points of the following function
2

Yy =— %+x22—2x2x3+x§)

Function f has 3 variables, it is defined on R3
The local optimum must be found within the critical points. We try to obtain
the critical points. - .

—X, =0 X, =0

—2X, + 2%, =0= < X, = X,

12X, —2X%; =0 VX, el

In such a case there are infinite critical points of the kind (0,X,X).
We consider the Hessian Matrix given by:

N

(-1 0 0)
Hf(0,X,X)=| 0 -2 2
L0 2 -2

Which is semidefinite (the eigenvalues are -4,-1,0) and consequenlty the critical
points cannot be classificated. For this purpose we use the optimtool.



UNCONSTRAINED OPTIMIZATION

EX4

1. Firstly we use fminsearch for function f and start point [0 2 2] that is
one of the critical points. The following answer is obtained.

>>» fun=@{x)-(x(1)"2/24x(2)"2-2%x(2)*x(3)+x(3)"2);
>>» x8=[© 2 2];
>» [x,fval] = fminsearch(fun,xa)
Exiting: Maximum number of function evaluations has been exceeded
- increase MaxFunkvals option.
Current function value: -888617749162788251123611783881598:
¥ =

1.8e+52 *

8.0028 3.1992 -5.7931

fval =
-8.0862e+4165

>>

Hence point [0 2 2] is a not a local minimum (and the same occurs if
other points are considered).



UNCONSTRAINED OPTIMIZATION

EX4

Secondly we use the otimtool (fminsearch) for function -f and start point
[0 2 2] that is one of the critical points. The following answer is obtained.

>> fun=@(x) (x(1)"2/2+x(2)72-2%x(2)*x(3)+x(3)*2);
>> xB=[8 2 2];
>> [x,fval] = fminsearch(fun,xe)

¥ =

-8.0880 2.0081 2.80081

fval =
-8.8818e-16

>>

Hence point [0 2 2] is a local maximum of f (and the same occurs if
other points are considered, it can be verified while considering other points).



UNCONSTRAINED OPTIMIZATION

EX5 Find the local max and min pomts of the following function

X

y=el—?—2x1+x2 +5x3 + X, X5 + X,

Function f has 3 variables, it is defined on R3

The local optimum must be found within the critical points. We try to obtain

the critical points.

—x%—-2=0 (eX1=x1+2
2X, + X, =0 =X, =-2X,
10x +X,+1=0 —20x +X,+1=0

N

—

(% =X, +2
X, =-2/19
X =1/19

In such a case the value of x, cannot be determlned

Anyway from the graphical analysis 25
it can be observed that the first 20l
equation has two solutions: a positive
solution and a negative solution.

15F

So we consider two starting points: ‘
A=[1 1/19 -2/19] il
B=[-2 1/19 -2/19] 0

y=exp(X)




UNCONSTRAINED OPTIMIZATION

EX5

1. Firstly we consider the start point =[1 1/19 -2/19]. For function f we
obtain the following:

>> fun=@(x)exp(x(1))-x(1)"2/2-2"x(1)+x(2)"2+5*x(3)"2+x(2) *x(3)+x(3);
>> x0=[1 1/19 -2/19];
>» [x,fval] = fminsearch(fun,x8)

¥ =

1.1462 8.8526 -9.1653

fval =
09,1443

>> |

Hence the function has a minimum point P=(1.146,0.053,-0.105)

21




EX5

UNCONSTRAINED OPTIMIZATION

2. Secondly we consider the start point =[-2 1/19 -2/19]. For function f we
obtain the minimum point is not found.
Hence we try with function —f and the same start point and we obtain the

following.

>> fun=@{x)exp(x(1))-x(1)"2/2-2%x(1)+x(2)"2+5%%(3)"2+x(2) *x(3)+x(3);
>> x@=[-2 1/19 -2/19];
>>» [x,fval] = fminsearch(fun,x8)
Exiting: Maximum number of function evaluations has been exceeded

- increase MaxFunkvals option.

Current function value: -479639325110852302137939352788059538
X =

1.8e453 *

-3.1836 -9.0586 B.8632

fval =
-4.,7964e+106

>> |

Hence the function has no minimum or maximum point close to
B=(-2,1/19,-2/19)

22



HOMEWORKS

EX1.3

Determine local maximum and minimum points of the following functions: find
the possible critical points and conclude about them by using the optimtool

1) y = XX, +3xX5 —2X, +2X2 — X,

2)y=(%-3)"(x,~5)" +e
3) y =In((x, +2)* + (X,X;)° +4x: +5X,)




UNCONSTRAINED OPTIMIZATION

HOMEWORKS

EX1.4

Determine local maximum and minimum points and the correspondent z-values
of the following functions: choose the suggested start point

1)y =2%"+3x2x; +4x; +(x, —1)°,S.P.(1,11)
2) y =—(In(x} + %7 +2)+ X2 (x;—4)*),SP.(-1,-1,-1),S.P.(1,1,1)
3)y=—e%"2% +3x% +(x, —3)%,S.P.(4,4,4,4)

24




