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1 Domain of functions

Find the domain of the following functions:

Loz=9— (22 + %) + V2 —y -2
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2 Level curves

Find the level curves for the following functions. Use also Matlab as a
confirmation of the results obtained.

1. z=a? 4>
2. z=2x4+y
3. z:f

Y
4. z=1In J

x

D. z:@

Y
6. z =¢e"
7. z=x+y
8. z:xz—y2
9. z= /2y

10. z=1In (332 —|—y)

11. z =sin"Y(zy).

3 Gradient

Compute the gradient for the following functions.

1. f(z,y)=2° —3zy —4y*> —x+ 2y +1

2. f(w,y)=§lzl/
3. flz,y) = Va2 —y?
4. f(fﬂ,y):\/gw



5. f(z,y) =z/y+ %

6. f(w,y) = (v + V> + )

7. flz,y) =In —sz—‘_yQ_x
2+yi+a

8. f(z,y) = 2yln(z +y)

9. f(z,y)=e v

10 f(z,y) = @)

Given the function f(z,y, z) = In(zy + z), prove that f.(1,2,0) = 1,
£(1,2,0) =4, and fi(1, 2, 0) = 3.

4 Unconstrained optimization

Determine the critical points of the following functions in their domain,
specifying whether they are maximum, minimum or saddle points:

L fz,y) =" - ng
2. f(z,y) = (" —y?)log(zy)
3. f(a,y) = (x+y)e V)
4. flz,y) = (1 + y) e
Y X

5. f(z,y) = y° + 32%y — 30y — 18z
6. f(z,9) = 2*In(1 + 2% + ¢?)

—1/.2 2 1 3
7. flz,y) =tan™ (2" — ") — qw
8. f(w,y) =@ DW= 4 (y —2)?

9. f(z,y) =2In(z®+y> —1)+z+2y



10.

11.

12.

13.

14.

15.

16.

17.

18.

flz,y) = x|z — |

flz,y) = In(1 + 2% + 3y?) —
fla,y) = (z + 2y)e” @)
f(z,y) = yIn(2z +y)

flz,y) = 2% + eV 2%

fla,y) = a® +y? — a”siny?
F(z,y) = In(1 +2%) — 2 + zy — ¢

fla,y) =a" + (z —y)°

flz,y) = =2y + 327y

5 Taylor polynomials

Write the second-degree Taylor polynomial for the following functions in the
given point:

1.
2.

® N

flzy) =2%y®, xo=(1,1)

f(z,y) =sinzsiny, xo= (0, 0)

flzy) =2 +zy+2y% xo=(1, —2)
(z,y) =2 +y' = (@ —y)*, x0=(1,0)

fla,y) =, xo = (1, 0)

fz,y) = (z +y*)sin(z —y), xo=(0,0)

f(x,y) = (= 2y)In(zy), x0=(2,1)

flxy) =2 —2%°, xo= (1, —1)

f(e.y) = wy(ey®) + %y, xo=(1,¢7%).

For exercises 3—4 find also the critical point and discuss their nature.



6 Constrained optimization

Solve the following constrained optimization problems, where C denotes the
constraint set:

L flz,y)=z+y, C={(z,y) eR? : 2? +y* =1}

55 global maximum ———, ——— | global minimum

1:
So 5 5

2. f(z,y) =22 +y? C= {($, y) €R? : 22 492 = 9}
Sol: (0, £3) global maxima (+£3, 0) global minima

3. flw,y) =222 +y* —x, C={(z,y) eR? : 2® +9* <1}

1
Sol: (—1, 0) global maximum <4, 0> global minimum

4. flz,y) =322 +4y* — 62 — 12, C = {(z,y) e R? : 2® +y* -4 <0}
Sol: (-2, 0) global maximum (1, 0) global minimum
5. f(w,y)=e", C={(z,y) eR? : 2? =1 <y <3}
6. f(z,y, 2) :ln(5$2+z2—y2+6),02 {(:c, y, z) €ER3 : 2502 + 9% + 22 < 4}
Sol: (0, 0, £2) global maxima (0 £ 2, 0) global minimum
7. f(z,y, 2) =3z+4y+11, C = {(z, y, 2) € R® : (z —2)?+ (y—3)* + (z —4)* < 1}
Sol: (13/5, 19/5, 4/5) global maximum (7/5, 11/5, 4) global minimum
8. flx,y, 2) = z(z2—y?),C = {(x, y,2) ER3 22 42 —22<1,0< 22+ 9% < 2}

Sol: (i\@, 0, 1) global maxima (O +/2, 1) global minima

9. f(z,y) =2+ y% C={(z,y) eR? : (z -1+ (y—2)?—20=0}

Sol: (3, 6) global maximum (—1, —2) global minimum

10. Find the points on the circle 2 4+ 32 = 80 which are closest to and
farthest from the point (1, 2). Sol: (—4, —8) and (4, 8)

11. min f(z, y) =2y—2*,C ={(z,y) e R? : 2? +y? < 1,2 >0,y > 0}.
Sol: (1, 0)

12. Among all the triangles having perimeter 2p, find the one whose area is
maximum. Hint: use Heron’s formula, stating that the area of a trian-
gle with sides z, ¥, and z and perimeter 2p is: \/p(p —z)(p—y)(p— 2).
Sol: x =y=2=2p/3




